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Research Motivation

Energy dissipated in a

single logic operation.
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# Energy dissipation is a critical

challenge facing post-CMOS

nanocomputing technologies.

# The minimum energy cost is

fixed by the unavoidable

dissipation cost of implementing

logically irreversible operations.

# These costs may impose practical

limitations on ultimate

capabilities of nanoelectronic

technologies.

1R. W. Keyes, “Physical limits of silicon transistors and circuits," Reports on Progress in Physics, vol. 68, pp.
2701-2746, 2005.
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Research Objective

We aim to:

# Develop a methodology for determining fundamental

lower bounds on the dissipative cost of computation in

new and unfamiliar nanocomputing paradigms.

# Evaluate energy dissipation under best case assumption

for concrete nanoelectronic circuit proposals.

# Utilize these fundamental lower bounds as an assessment

tool for complex circuits as efficiencies approach

fundamental limits.
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TECHNICAL BACKGROUND



Technical Background

# Information is physical.

→ Logic states in a computing system are represented by

physical states of the system.

# The evolution of these physical states are governed by

fundamental physical laws, e.g.

◦ First law of thermodynamics: dW � dU + dQ
◦ Second law of thermodynamics: dS ≥ 0.

# Information erasure reduces the number of physical states

available to the system.
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Landauer’s Principle: An Idealization

“Any logically irreversible manipulation of information, such as

the erasure of a bit or the merging of two computation paths,

must be accompanied by a corresponding entropy increase in

non-information bearing degrees of freedom of the information

processing apparatus or its environment.”2

∆S ≥ kB ln(2)∆Ier (1)

∆E ≥ kB ln(2)T∆Ier (2)

Here, kB is Boltzmann constant, T is temperature, and ∆Ier is

the amount of information erased from a physical system.

2C. H. Bennett, “Notes on Landauer’s principle, reversible computation, and Maxwell’s Demon," Studies in
History and Philosophy of Modern Physics, vol. 34, pp. 501-510, 2003.
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Practical Implications

# Information erasure defined in terms of self-entropy may

not capture resulting dissipation accurately.

# LP is paradigm-independent; few attempts have been

made to evaluate the fundamental minimum cost of

computation in concrete, nontrivial computing scenarios.

# Our goal is to

◦ Develop a methodology for determining fundamental

lower bounds on the dissipative computation cost in

concrete nanocomputing circuits.

◦ Illustrate its application to conventional and emerging

technologies.

Where to start?
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Referential Approach

“Information erasure is regarded as loss of correlation between

the state of an erasable quantum system and that of an

enduring referent system holding classical information."3

The amount of entropy and energy transferred to the

environment is lower bounded as

∆ ˜Stot ≥ kB ln(2)∆Ier (3)

∆
〈
EE

〉
≥ kB ln(2)T �

∆Ier − ∆SRS
	

(4)

where is ∆SRS
the entropy change in the information bearing

system, S.

3N. G. Anderson, “Information erasure in quantum systems," Phys. Lett. A , vol. 372, pp. 5552-5555, 2008.
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Physical Implementation of a Logical Transformation

Fundamental bounds for single-shot quantum L-machines can

be obtained using Referential Approach:

# The entropic bound in terms of logical irreversibility

∆ ˜SRSE
tot ≥ kB ln(2)∆Ier . (5)

# Lower bound on the average expected energy of the

environment in terms of information loss and average

entropy change of the representative states during

computation〈
∆

〈
EE

i

〉〉
≥ kB ln(2)T {

∆Ier −
〈
∆SS

i

〉}
. (6)

Here,

〈
∆SS

i

〉
is the average entropy reduction in the

information bearing system, S.4

4N. G. Anderson, “On the physical implementation of logical transformations: Generalized L-machines,"

Theoretical Computer Science, vol. 411, pp. 4179-4199, 2010.
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FUELCOST METHODOLOGY



FUELCOST

FUELCOST Methodology

An evolving methodology based on physical information

theory that is designed for systematic determination of

fundamental energy efficiency limits of computation in

complex computing structures.
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Nature of FUELCOST

Nanocircuit &

Clocking Scheme
FUELCOST

Methodology

1. Abstraction

◦ Physical Abstraction

◦ Process Abstraction

2. Analysis

◦ Operational Decomposition

◦ Cost Analysis

Fundamental

Lower Bounds
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FUELCOST: Abstraction

Physical Abstraction

Infor 
Information 
Processing 
Artifact 
A!

I/O 

R!

Heat Bath 
B!

Computationally Relevant Domain 

Environmental Domain 

A!

B!

I/O 

# Referent: a physical

system holding input

data.

Process Abstraction

# Globally closed system

evolving via Schrödinger

equation.

# System is drawn away from

equilibrium during control

operations, φ, and restored

during rethermalization.

# Captures the essential

functional features of the

underlying computational

strategy.
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FUELCOST: Analysis

Operational Decomposition
# Clocking

◦ Clock zones, C(u), and subzones, Cl(u).
◦ Clock steps ψv : {C(u);φt}.
◦ Clock cycle Φ � ψ1ψ2ψ3....

# Computation

◦ Computational step ck .

◦ Computational cycle Γη � c1c2c3...

Cost Analysis
# Information dynamics: Data zones, D(ck), and subzones Dw(ck).
# Dissipation bounds5

∆ 〈E〉 �
K∑

k�1

∆ 〈E〉k �

K∑
k�1



∑
w∈{k−1}

∆ 〈E〉wk−1


(7)

5İ. Ercan and N. G. Anderson, “Heat Dissipation in Nanocomputing: Lower Bounds from Physical Information

Theory,” IEEE Transactions on Nanotechnology, Vol. 12, Issue 6, pp. 1047 - 1060, 2013.
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APPLICATION TO LOGIC CIRCUITS



Application to Logic Circuits

Objective

Determine fundamental lower bounds on the unavoidable

local energy dissipation associated with a single computation

cycle averaged over all inputs for a given technology base

with sequences of computational cycles operating on random

strings of input.
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Dynamic Logic Application: NASIC Full Adder

Single-FET-type NAND-NAND NASIC full adder circuit along

with associated logic and clocking diagram6

6 P. Narayanan, M. Leuchtenburg, T. Wang and C. A. Moritz,“CMOS Control Enabled Single-Type FET NASIC,”

Proceedings of the 2008 International Symposium on VLSI, pp. 191-196, 2008.
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NASIC Full Adder Abstraction

Physical Abstraction

# R: a physical system

holding input data.

Process Abstraction

# Globally closed system

evolving via Schrödinger

equation.

# System is drawn away from

equilibrium during clock

operations: Precharge, φP ,

evaluation, φE, and hold, φH ,

and restored during

rethermalization.

19



NASIC Full Adder Analysis

# Bound for the a given computational step k

∆
〈
EB

〉
k
≥ −kBT ln(2) (∆IRηCk

+

〈
∆SCk

i

〉
+

〈
∆SS

i

〉
k
+

〈
∆SD

i

〉
k

)
# Fundamental Dissipation Bound

∆
〈
EB

〉
TOT
≥ 6kBT ln(2) + f 14qVDD

Here, f is a fraction of the energy invested in the artifact bySD.

# Note that this inequality reflects unavoidable costs of

underlying computation strategy – independent of

material parameters, device and circuit dimensions.
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Static Logic Application: A CMOS Two-bit Sort Circuit

Logic diagram and physical circuit structure of a combinational

two-bit sort circuit implemented in CMOS, and its physical

abstraction.

CMOS implemantation of a two-bit sort circuit.
7

CMOS two-bit sort circuit abstraction.

7N. Gershenfeld, “Signal entropy and thermodynamics of computation,” IBM Systems Journal, vol. 35, no.s 3
and 4, 1996.
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Application to a CMOS Two-bit Sort Circuit

The design and operation of the circuit is different from the

dynamically clocked transistor-based NASIC implementation:

# The circuit is asynchronous; computation of an input is

composed of one single step rather than multiple

computational steps.

# Each new input is loaded in the circuit without a prior

reset there is no intermediate erasure between

computational cycles; erasure of a given input is done via

overwriting of the next input.

# Energy associated with erasure of a given input is

dissipated over the operation of two inputs.
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Application to a CMOS Two-bit Sort Circuit

The lower bound on the energy dissipated into the

environment during computation of an input is

∆
〈
EB

〉
TOT

≥ f NqVDD + kBT ln(2) *.
,

∑
k

pk S *.
,

∑
i

piρ
S′

ik ⊗ ρ
D′

ik
+/
-
−

∑
p

∑
i

pk pi S
(
ρS
′

ik ⊗ ρ
D′

ik

)+/
-

# Here, f NqVDD is a fraction of the particle supply cost.

# The cost of computing ηth
input depends on (η − 1)th

input;

the number, N, of electric charges owing in and out of the

circuit depends on both inputs, i.e. four possible

combinations of ηth
input followed by the four possible

combination of (η − 1)th
input gives sixteen scenarios.

# Irreversible loss of information due to overwriting leads to

the second term representing the energetic cost of changing

subsystem correlation as a result of partial erasure.
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Remarks on Transistor-based Applications

# Particle supply cost dominates the bound in

transistor-based circuits, far exceeding the cost of the

irreversible logic operations.

# An information-theoretic analysis of fundamental energy

limitations of a CMOS circuits is mere academic effort due

to the practical limitations imposed on the technology.

# The manufacturing techniques proposed for post-CMOS

paradigms allow aggressive scaling that can mean higher

performance, density, and power efficiency that can go far

beyond the performance of CMOS technology.
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Remarks on Dynamic and Static Logic Applications

# From an information-theoretic perspective, fundamental

limits of energetic cost of computation is easier to analyze

in dynamic logic circuits.

# Static logic circuits contain certain inefficiencies, from

fundamental energy dissipation point of view, that cannot

be “engineered away” with improving technology.

# Generalization of the theoretical framework of FUELCOST

allows us to analyse unconventional emerging computing

paradigms and provide basis for comparison.
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HIERARCHICAL LEVELS OF ANALYSIS



Hierarchical Levels of Analysis

Fundamental lower bounds can also be obtained in

architecture- and instruction-level of computing structures.

Certain constraints are imposed

in each level by

# physical laws (ILA)

# hardware organization

and control (ALA)

# internal circuit structure

and operation (CLA).

Hierarchical levels of analysis.
8

8N. G. Anderson, İ. Ercan, N. Ganesh, “Toward Nanoprocessor Thermodynamics,” IEEE Transactions on
Nanotechnology, Vol. 12 issue 6, 2013.
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CONCLUSIONS



Conclusions

# FUELCOST shows us that a physical-information-theoretic

methodology to determine fundamental lower bounds on

energy dissipation for concrete complex nanocomputing

paradigms is possible.

# Applications via prominent post-CMOS technology proposals

illustrates that the unavoidable cost of information processing

significantly depends on the details of underlying computing

strategy.

# Particle supply costs dominate the bound in transistor-based

paradigms, exceeding the cost of the irreversible logic

operations.

# Accurate level of granularity is of key importance for isolating

irreversibility in a circuit.
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Additional Remarks

# The viability of any proposed post-CMOS nanocomputing

technology hinges on a complex mix of many physical,

technological, and economic factors.

# Fundamental bounds gives us the physical possibility that

specified performance targets can be met under best case

assumptions regarding circuit fabrication and

computational control, the dominating factors in this

minimum cost may vary for different paradigms and must

be studied separately.

# FUELCOST can serve as a "litmus test" in nanocomputing

technology assessment, and provide a check for

consistency of performance projections with assumed

resources and fundamental physical constraints.
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Future Directions

# Generalized abstraction and input dependent particle

transport calculations will accommodate treatment of

wider range of technology bases.

# Preliminary studies on other emerging computation

paradigms are in progress, including Brownian computers

and artificial neural networks.

# Fundamental lower bound analysis on various levels:

modularization, nanoprocessor thermodynamics, etc.

# Utilizing fundamental bounds in assessing performance

limits of emerging technologies.
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